Sub- and super-critical nonlinear dynamics of a harmonically excited axially moving beam  by Ghayesh, Mergen H. et al.
International Journal of Solids and Structures 49 (2012) 227–243Contents lists available at SciVerse ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rSub- and super-critical nonlinear dynamics of a harmonically excited axially
moving beam
Mergen H. Ghayesh a,⇑, Hossein A. Kaﬁabad a, Tyler Reid b
aDepartment of Mechanical Engineering, McGill University, Montreal, Quebec, Canada H3A 2K6
bDepartment of Aeronautics and Astronautics, Stanford University, Stanford, CA 94305, USA
a r t i c l e i n f oArticle history:
Received 13 April 2011
Received in revised form 15 September
2011
Available online 12 October 2011
Keywords:
Axially moving beams
Nonlinear dynamics
Bifurcation diagrams
Stability0020-7683/$ - see front matter  2011 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2011.10.007
⇑ Corresponding author. Tel.: +1 514 398 6290.
E-mail address: mergen.hajghayesh@mail.mcgill.caa b s t r a c t
The sub- and super-critical dynamics of an axially moving beam subjected to a transverse harmonic exci-
tation force is examined for the cases where the system is tuned to a three-to-one internal resonance as
well as for the case where it is not. The governing equation of motion of this gyroscopic system is discret-
ized by employing Galerkin’s technique which yields a set of coupled nonlinear differential equations. For
the system in the sub-critical speed regime, the periodic solutions are studied using the pseudo-arclength
continuation method, while the global dynamics is investigated numerically. In the latter case, bifurca-
tion diagrams of Poincaré maps are obtained via direct time integration. Moreover, for a selected set of
system parameters, the dynamics of the system is presented in the form of time histories, phase-plane
portraits, and Poincaré maps. Finally, the effects of different system parameters on the amplitude-
frequency responses as well as bifurcation diagrams are presented.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Structural elements such as beams (Ghayesh et al., in press,
2011a,b; Darabi et al., in press) and plates are present in many
engineering components. Among them, axially moving systems
may be found in many engineering devices and machine compo-
nents such as in automobile and aerospace structures, textile ﬁ-
bers, robot arms, paper sheets, band saw blades, conveyor belts,
magnetic tapes, and aerial cable tramways, just to name a few.
Due to this widespread application, the vibration response and sta-
bility of these systems have been the subject of investigation for
many years (Chen, 2005) and are still of interest today.
The dynamics of these systems is mainly studied in two axial
speed regimes. These regimes are known as the sub- and super-
critical, where the system must pass a threshold critical speed to
transition from one regime to the other. When a conservative sys-
tem reaches this critical speed, the stability is lost by divergence,
while a non-conservative system loses stability via a Hopf bifurca-
tion. Instability may also occur in the sub-critical speed range for
systems which are subjected to a form of external excitation which
maybe either parametric or direct. The main sources of parametric
excitations are time-dependent axial velocity and tension inside
the beam. Both of these instabilities are investigated in this paper.
The former is analyzed by direct time integration and the latter by
the pseudo-arclength continuation method.ll rights reserved.
(M.H. Ghayesh).Many contributions on the vibration and stability of axiallymov-
ing systems can be found in the literature (Wickert andMote, 1988;
Chen, 2005). For example, thenonlinear vibrationsof a traveling ten-
sioned beam have been investigated in a fundamental work by
Wickert (1992). Yuh and Young (1991) employed the Galerkin
method to investigate the dynamics of an axiallymoving beam sub-
ject to rotation, and veriﬁed their numerical results via experimen-
tation. In a series of papers by Oz et al. (1998), Özkaya and
Pakdemirli (2000), Pakdemirli and Öz (2008), Pakdemirli and Ulsoy
(1997), Pakdemirli et al. (1994) and Pakdemirli and Ozkaya (1998) a
systematic research approach was taken in the examination of the
vibrations and stability of axially moving strings and beams by
means of perturbation techniques such as the method of multiple
scales and matched asymptotic expansion. For instance, Pakdemirli
and Ulsoy (1997) derived the partial differential equation of motion
of an axially moving string by means of an energy method and em-
ployedGalerkin’smethodof discretization to obtain a set of ordinary
differential equations. The stability characteristics of an axially
accelerating string were investigated by Pakdemirli et al. (1994)
by applying two different perturbationmethods, namely the direct-
and discretization-multiple scales methods. A perturbation tech-
nique was employed by Oz et al. (1998) to study the transition
behavior of an axially accelerating system from a string model to
that of a beam. Pakdemirli and Ozkaya (1998) utilized the matched
asymptotic expansion technique to solve the equationgoverning the
motion of a boundary layer model of an axially moving beam. Later,
these studies were followed by Chen (2006), Chen et al. (2010a,
2005), Chen and Yang (2005, 2006), Chen and Zhao (2005), Tang
τFig. 1. Schematic representation of an axially moving beam subjected to a harmonic excitation load.
Fig. 2. The amplitude–frequency response of the system with no internal
resonances (the system of Section 3.1). Bold line and dotted lines represent the
stable and unstable solutions, respectively.
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dissipationmechanisms for string- andbeam-like systems.Here, the
Galerkin scheme, the method of multiple scales, and a modiﬁed
ﬁnite difference method (FDM) were used. Recently, in a series of
papers by the ﬁrst author and co-investigators (Ghayesh et al., inFig. 3. The periodic oscillation of the system of Section 3.1 at Xpress; Ghayesh and Moradian, 2011; Ghayesh, 2008, 2009, 2010,
2011a; Ghayesh et al., 2010; Ghayesh and Balar, 2008, 2010; Saheb-
kar et al., 2011), the linear and nonlinear vibrations and stability of
axially moving systems were investigated. These studies involved
the inclusion of energy dissipation mechanisms, time-dependent
tension and axial speed, additionally supported, and various beam
models.
All of the previously mentioned works dealt with the dynamics
of the system in the sub-critical speed regime. In spite of few valu-
able studies, the literature on the super-critical regime is still not
well-developed. For example, Pellicano and Vestroni (2000) dis-
cretized the equation governing the motion of an axially moving
beam using Galerkin’s technique and studied the global dynamics
and post-bifurcation behavior. Chen et al. (2002) studied the
chaotic oscillations of an axially moving viscoelastic string. Post-
critical dynamics of an axially moving beam with time-dependent
tension and Zener internal damping was investigated byMarynow-
ski and Kapitaniak (2007). Chen et al. (2010b) investigated the
bifurcation and chaotic behavior of an axially accelerating
viscoelastic beam undergoing in-plane and out-of-plane vibra-
tional motion. Ghayesh (2011b) investigated the forced dynamics
of an axially moving viscoelastic beam using Galerkin’s method.
Axially moving systems can be modeled by means of linear
(Ghayesh et al., in press, 2010; Kartik and Wickert, 2006;
Pakdemirli and Öz, 2008; Pakdemirli and Ulsoy, 1997; Pakdemirli
et al., 1994; Yuh and Young, 1991; Zhu and Guo, 1998) or nonlinear
(Chakraborty and Mallik, 1999; Chen et al., 2010b; Ghayesh, 2008,
2009, 2010; Ghayesh and Balar, 2010; Marynowski and Kapitaniak,
2007; Parker and Lin, 2001; Pellicano and Vestroni, 2000; Sahebkar
et al., 2011; Suweken and Van Horssen, 2003; Tang et al., 2009a;= 1.2x1; (a) the time history and (b) phase-plane diagram.
Fig. 4. The amplitude–frequency response of the system associated with Section 3.2 in the driven mode possessing a three-to-one internal resonance, i.e. x2  3x1; (a) the
amplitude of the driven mode; (b, c) magniﬁcation of some regions of (a). Bold line and dotted lines represent the stable and unstable solutions, respectively.
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For the case of super-critical analysis, beyond the ﬁrst instability,
the amplitude of response (either static or dynamic) is large and
hence the predictions from linear theory are unreliable. Most stud-
ies limited their analysis to a system undergoing a constant axial
speed (Fung and Tseng, 1999; Pellicano and Vestroni, 2000; Tan
et al., 1993; Yuh and Young, 1991) though there were some which
considered the effect of speed variation on the parametric vibra-
tions of the system (Chen et al., 2010a; Chen and Yang, 2005; Gha-
yesh and Moradian, 2011; Ghayesh, 2009, 2010; Ghayesh and
Balar, 2008, 2010; Pakdemirli and Ulsoy, 1997; Suweken and Van
Horssen, 2003; Tang et al., 2009b).
Most of literature on this subject employed analytical tech-
niques predominantly perturbation techniques, to solve the gov-
erning equation of motion (Chakraborty and Mallik, 1999; Chen
et al., 2010a; Chen and Yang, 2005, 2006; Ghayesh and Moradian,2011; Ghayesh, 2008, 2009, 2010; Ghayesh et al., 2010; Ghayesh
and Balar, 2008, 2010; Özkaya and Pakdemirli, 2000; Pakdemirli
and Öz, 2008; Pakdemirli and Ozkaya, 1998; Parker and Lin,
2001; Sahebkar et al., 2011; Suweken and Van Horssen, 2003;
Wickert, 1992; Zhang and Zu, 1999). However, other researchers
(Chen et al., 2005, 2010b; Yuh and Young, 1991) have utilized di-
rect time integration or a ﬁnite different method to solve the equa-
tions of motion numerically.
In the present study, the nonlinear vibrations and stability of an
axially moving beam subjected to a distributed harmonic excita-
tion load are investigated. The equation of motion is discretized
via Galerkin’s method using the eigenfunctions of a hinged-hinged
beam as appropriate comparison functions. The resultant nonlinear
ordinary differential equations are numerically solved using the
pseudo-arclength continuation scheme for the system in the sub-
critical regime. A direct time integration is also conducted to
Fig. 5. The amplitude–frequency response of the system associated with Section 3.2 in the second mode possessing a three-to-one internal resonance, i.e. x2  3x1; (a) the
amplitude of the second mode; (b, c) magniﬁcations of some regions of (a). Bold line and dotted lines represent the stable and unstable solutions, respectively.
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the response of the system in the sub-critical regime and tuned to a
three-to-one internal resonance, where energy transfers between
two resonant modes, is examined.2. Problem statement, equation of motion and method of
solution
A general axially moving beam is shown in Fig. 1, where x^ is a
Lagrangian coordinate, L is the total length of the beam with a con-
stant densityq, cross-sectional area of A and Young’s modulus E.
The beam is assumed to be traveling at a constant axial speed V,
subjected to a tension P and distributed harmonic forcing functionbFðx^; sÞ ¼ bFðx^Þ cosðx^sÞ along the entire length.
It is important to clarify the assumptions used in order to derive
the equation of motion of this system: (i) the structure is modeledas a nonlinear Euler–Bernoulli beam, i.e. rotational inertia and
shear deformations are neglected; (ii) the beam has a uniform
cross-section; (iii) only the transverse displacement is considered
(Chen and Yang, 2005; Ghayesh, 2008; Marynowski and Kapita-
niak, 2007); (iv) the nonlinearity is geometric and due to the
stretching effect of the mid-plane of the beam; (v) the equation
is truncated to third order.
The dimensionless equation governing the motion of this sys-
tem is given by (Chen and Yang, 2005; Ghayesh, 2010; Huang
et al., 2011)
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Fig. 6. Quasiperiodic oscillations of the system associated with Section 3.2 at X = 1.111178x1; (a) the time history and (b) phase-plane diagrams of the driven mode, (c) the
time history and (d) phase-plane diagrams of the second mode.
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In the above equations, x is the dimensionless counterpart of x^; w^
and w are the dimensional and dimensionless transverse
displacements, and s and t represent the dimensional and dimen-
sionless time. F and X are the dimensionless forms of the
excitation amplitude bF and excitation frequency x^, respectively.
As depicted in Fig. 1, the boundary conditions can be expressed
as
wjx¼0 ¼ wjx¼1 ¼ 0;
@2w
@x2

x¼0
¼ @
2w
@x2

x¼1
¼ 0: ð3Þ
The equation of motion (Eq. (1)), which has an inﬁnite number
of degrees of freedom, is discretized by Galerkin’s technique using
the eigenfunctions of a hinged-hinged beam as the basis functions.
This yields solutions of the formwðx; tÞ ¼
XN
r¼1
/rðxÞqrðtÞ; ð4Þ
where /r(x) is the rth dimensionless hinged–hinged beam eigen-
function, and hence an appropriate comparison function, and qr(t)
represents the corresponding generalized coordinate. The forcing
amplitude F is also assumed as
FðxÞ ¼
XN
r¼1
fr/rðxÞ: ð5Þ
Substituting Eqs. (4), (5) into the equation of motion (Eq. (1)),
multiplying both sides of the resulting equation by the correspond-
ing beam eigenfunction, and integrating with respect to x from 0 to
1 yields a set of second order nonlinear ordinary differential equa-
tions with coupled terms. These equations are transformed into a
set of ﬁrst order nonlinear ordinary differential equations via
change of variables.
In the results presented in this study, six beam modes (totalling
12 coupled ordinary differential equations) have been used in the
analysis.
Fig. 7. The amplitude–frequency response of the system with no internal resonance in the driven mode for several damping coefﬁcients; v = 0.1, vf = 0.173, v1 = 33.526,
f1 = 0.0055, fi = 0 (i = 2,3, . . . ,6).
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behavior of the system. The ﬁrst scheme, which is appropriate
for the system in the sub-critical speed regime, employs a contin-
uation technique which allows for the following of both stable and
unstable paths, a feature which is not attainable from direct
numerical integration in time. To this end, the AUTO code (Doedel
et al., 1998) is utilized, which uses the pseudo-arclength continua-
tion and collocation methods and is hence capable of continuation
of the solutions, bifurcations and branches, as well as determining
their stability. The second method, which is suitable for studying
the global dynamics of the system, performs direct time integra-
tion of the discretized equation of motion. For the present study,
a variable step-size Runge–Kutta method is adopted which solves
for the time-varying generalized coordinates. From this, the bifur-
cation diagrams of Poincaré maps can be constructed. It should be
noted that although there is no damping in Eq. (1), the numerical
simulations include dimensionless viscous damping l, which is re-
lated to the dimensional one, cd, by l ¼ cd
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L2=PqA
q
.3. Sub-critical dynamics of the systems
The forced dynamics of the system in the sub-critical axial
speed range is the subject of this section. Speciﬁcally: (i) the pri-
mary resonance of the systemwith no internal resonances is inves-tigated in Section 3.1, (ii) the dynamics of the system possessing a
three-to-one internal resonance, when the forcing frequency is
near the ﬁrst linear natural frequency (i.e. the ﬁrst mode is excited
directly) is studied in Section 3.2, and ﬁnally (iii) the effect of the
system parameters on the frequency–response curves are exam-
ined in Section 3.3.
3.1. The dynamics of the system with no internal resonances
In calculations presented in this section, the following system
parameters have been selected: v = 0.1, vf = 0.173, v1 = 33.526,
l = 0.04, f1 = 0.0055, fi = 0 (i = 2,3, . . . ,6). The forcing frequency
has been chosen to be near the ﬁrst natural frequency, x1.
Fig. 2 shows the amplitude–frequency response obtained by
spanning a frequency range around the fundamental resonance.
Here, the response amplitude of the ﬁrst generalized coordinate
is plotted. This plot shows that as the excitation frequency is in-
creased gradually from X = 0.6x1, the amplitude of the stable re-
sponse increases until the ﬁrst limit point (the peak value
denoted by LP on the plot) is reached at X = 1.5504x1, where the
response ultimately becomes unstable. As the excitation frequency
is decreased, this unstable solution becomes stable at
X = 1.0698x1 via a limit point bifurcation. Typical periodic motion
characteristics for X = 1.2x1 are shown in Fig. 3 in the form of a
time history plot and a phase- plane portrait.
Fig. 8. The amplitude–frequency response of the system with no internal resonance in the driven mode for several values of forcing amplitude; v = 0.1, vf = 0.173, v1 = 33.526,
l = 0.04, fi = 0 (i = 2,3, . . . ,6).
Fig. 9. The amplitude–frequency response of the systemwith no internal resonance
in the driven mode for several nonlinearity coefﬁcients v1; v = 0.1, vf = 0.173,
l = 0.04, f1 = 0.0055, fi = 0 (i = 2,3, . . . ,6). The values of v1 are denoted on the curves.
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resonance
In the calculations presented in this section, the following
system parameters have been selected: v = 0.6, vf = 0.173, v1 =
33.526, l = 0.045f1 = 0.0055, fi = 0 (i = 2,3, . . . ,6). As discussed in
(Riedel and Tan, 2002; Huang et al., 2011), when system parameters
include the ﬁrst two numerical values given above, a three-to-one
internal resonance occurs; i.e.x2  3x1 and thus there is a three-
to-one internal resonance (refer to Figs. 4 and 5).
As shown in Fig. 4, it was found that as the excitation frequency is
increased from X = 0.6x1, the response amplitude (in the ﬁrst
mode) increases accordingly until it reaches the ﬁrst limit point at
A (X = 1.0667x1) where it becomes unstable. The amplitude of this
unstable branch decreases until we hit point B (X = 1.0595x1),
where the solution regains stability via a limit point bifurcation
(Fig. 4(b)). Going from point A to B, energy is transferred from the
ﬁrst resonant mode to the second one (Fig. 4(b)). As the excitation
frequency is increased further, this now stable solution becomes
unstable via a torus bifurcation at point C (X = 1.10583x1). Themo-
tion regains stability at point D (X = 1.1170x1) which lasts until we
reach point E (X = 1.4238x1) where the motion becomes unstable
once again by means of a limit point bifurcation. Between points E
and I, there are four solution branches; three of which are unstable
Fig. 10. The amplitude–frequency response of the system possessing a three-to-one internal resonance in the driven mode for the selected damping coefﬁcients; v = 0.6,
vf = 0.173, v1 = 33.526, f1 = 0.0055, fi = 0 (i = 2,3, . . . ,6).
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behavior is observed: (i) instability between points E and F
(X = 1.3802x1), (ii) unstable solution branch between points F and
G (X = 1.408167x1), (iii) stability between points G and H
(X = 1.408225x1), and ﬁnally (iv) instability between points H and
I (X = 1.0961x1). The corresponding bifurcation points in the sec-
ond mode are shown in Fig. 5.
In the range 1.10583x1 6X 6 1.1170x1the motion can be
either quasiperiodic or chaotic. Typical quasiperiodic motion in
the ﬁrst two generalized coordinates at X = 1.111178 x1 is shown
in Fig. 6.
3.3. The effect of system parameters on the vibration behavior of the
system
The objective of this section is to characterize the inﬂuence of
system parameters on the amplitude-frequency response. This is
characterized systems which do and do not have an internal reso-
nance via a numerical parametric study.
The ﬁrst case which was considered is that in which there are
no internal resonances in the system (Figs. 7–9). Several conclu-
sions can be drawn from these ﬁgures. Firstly, as seen in Fig. 7,
increasing the damping coefﬁcient causes the response amplitude(in the driven mode) to decrease. Secondly, increasing the forcing
amplitude causes the multi-valued region of the response (in the
driven mode) to become wider. Lastly, as v1 is increased, the curves
bend more to right and hence, the jump phenomenon is inﬂuenced
and the hardening behavior of the system increases (Fig. 9).
The second case that was considered is that in which there is a
three-to-one internal resonance in the system (Figs. 10–13). An
examination of these plots leads to several conclusions: (i) as the
damping coefﬁcient is increased, the response amplitude of the
driven mode decreases (Fig. 10); (ii) the response amplitude (in
the ﬁrst and second modes) increases with forcing amplitude
(Fig. 12); (iii) increasing v1causes the curves to bend more to the
right as this causes an increase in the hardening behavior of the
system (Fig. 13).4. Bifurcation diagrams
It has been found that each of the three local bifurcations, i.e.
saddle-node, pitchfork, and Hopf bifurcations, can lead to chaotic
motion of the dynamical system. In that sense, routes to chaos
can be categorized into three different classes, each of which cor-
responds to one type of local bifurcation. In this section, by saying
Fig. 11. The amplitude–frequency response of the system possessing a three-to-one internal resonance in the second mode for a selection of damping coefﬁcients; v = 0.6,
vf = 0.173, v1 = 33.526, f1 = 0.0055, fi = 0 (i = 2,3, . . . ,6).
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tude of the q1 motion where it is sectioned.
A Hopf bifurcation can give a rise to a chaotic attractor which is
known as a quasiperiodic route to chaos. In this scenario, a system
with incommensurate frequencies undergoes quasiperiodic oscil-
lation. One Hopf bifurcation can generate a limit cycle from a ﬁxed
point attractor and another Hopf bifurcation can result in a torus,
and thus the quasiperiodic dynamics appear. This torus is not sta-
ble, a small perturbation in the parameters will usually cause it to
deform into a chaotic attractor.
A Pitchfork bifurcation is the next mechanism to chaotic motion
and it is more commonly referred to as a periodic route to chaos. As
we see later, this mechanism is not a major player in the bifurca-
tion structure of harmonically excited moving beams.
The last route to chaos is caused by a saddle-node bifurcation
which can come in different types. All of these share the common
characteristic of direct transition from stable to chaotic motion as
opposed to the two previously mentioned routes which include
intermediary phase like formation of a torus or a change in the per-
iod of the oscillation. The most predominant type in this class is the
intermittency route to chaos. This mechanism needs only a single
saddle-node bifurcation to cause the intermittency phase to set
off such that close to bifurcation point there is regular motion withsome intermittent irregular motion. This irregularity grows as the
bifurcation parameter increases and laminar motion is gradually
replaced by chaotic motion. Studies of Pomeau and Manneville
are the landmarks of research in the intermittency route to chaos
(Manneville and Pomeau, 1980; Pomeau and Manneville, 1980).
There is another type of route to chaos originating from this type
bifurcation point which does not have any intermittency charac-
teristics. It consists of a direct transition from a regular attractor,
such as a ﬁxed point or limit cycle, to a coexisting chaotic one. This
usually occurs in a complicated oscillator with many coexisting
attractors, as in the case of present study.
In order to obtain the bifurcation diagrams of Poincaré maps for
this section, the phase space was sectioned in every period of the
exciting force. The codes are run for adequate time and the last
30% of the response is retained by removing any possible transient
effects that may lead to spurious results. In order to follow a cer-
tain attractor by increasing the given control parameter, the ﬁnal
state of the system in each step is taken as the initial condition
of the next step. The stepping resolution in each bifurcation dia-
gram may differ from one to another based on the features of dia-
grams as well as the range of parameters.
Fig. 14 presents the bifurcation diagrams of the ﬁrst two gener-
alized coordinates q1 and q2 as a function of the forcing amplitude
Fig. 12. The amplitude-frequency response of the system possessing a three-to-one internal resonance in the (a–e) driven and (f–j) the second mode for a selection of forcing
amplitudes; v = 0.6, vf = 0.173, v1 = 33.526, l = 0.04, fi = 0 (i = 2,3, . . . ,6).
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found that both of these modes are close to zero, this is as expected
as it is physically meaningful for the system to respond in this way
under the action of this weak excitation force. As seen in Fig. 14(a),
by further incrementing the forcing amplitude, a jump occurs atf1 = 0.07. This jump is hard to observe in the driven mode but is
very well pronounced in the second mode. One of the possible sce-
narios for these jumps, which are observed in the proceeding bifur-
cation diagrams as well, is shown in Fig. 15. When the control
parameter is increased, the dynamical system passes through the
Fig. 12 (continued)
Fig. 13. The amplitude–frequency response of the system possessing a three-to-one internal resonance in the (a) driven and (b) the second mode for several nonlinearity
coefﬁcientsv1; v = 0.6, vf = 0.173, l = 0.04, f1 = 0.0055, fi = 0 (i = 2,3, . . . ,6). The values of v1 are denoted on the curves.
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Fig. 14. Bifurcation diagrams of Poincaré points for increasing forcing amplitude on the system; v = 0.2, vf = 0.173, v1 = 33.526, l = 0.04, fi = 0 (i = 2,3, . . . ,6); (a) the ﬁrst mode,
and (b) the second mode.
Fig. 15. Two saddle-node local bifurcations, arrows indicate the direction of ﬂow.
Bold line and dotted lines represent the stable and unstable solutions, respectively.
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system cannot move along the unstable branch, inevitably it jumps
to the lower stable branch. This scenario also holds for decreasing
the control parameter as well. This can explain the cause of sudden
jumps in the bifurcation diagrams. After experiencing the saddle-
node bifurcation at f1 = 0.07, the system encounters a period-3 mo-
tion. At f1 = 0.30, the system returns to its original period and
maintains that period until the next event. There are two periodic
attractors in the range [0.55 0.64] and the response repeatedly
jumps from one to the other. A weakly chaotic motion is observed
between f1 = 0.67 and f1 = 0.775. Intermittency patterns can be
seen in the vicinity of f1 = 1.5. By investigating the Poincaré maps
of driven modes in this region, it can be seen that the dynamical
system gradually deviates from periodic laminar phase motion
and becomes weakly chaotic. The most interesting feature of the
bifurcation diagram given in Fig. 14(a) is found in the forcing
amplitude range of [1.7 1.85]. There are two tori that act as core
structures of this region, one around q1 = 0.0245 and the other
around q1 = 0.016. The outcome of the numerical simulation is thatjumps from one torus to the other occur as the forcing amplitude
increases. However, looking at the general picture given by the
bifurcation diagram, both tori exist. This is also highlighted in
the Poincaré maps given in Fig. 16 where in (a) the closed loop
forms around q1 = 0.0245 and in (b) around q1 = 0.016. As the forc-
ing amplitude is increased slightly, the dynamics of system start to
deviate from this quasiperiodic motion and points in the Poincaré
maps scatter around the core structure of the aforementioned
closed loops. This gradual deviation from quasiperiodic motion
can be seen in Fig. 16 (c–f) for the torus core centered about
q1 = 0.0245 and in Fig. 16 (g–h) for the torus centered about
q1 = 0.016. Note that the shapes of these two tori are different;
the lower one is close to a circular shape and the upper one is more
oblong. When tori lose their stability, the system becomes chaotic
which is exactly the quasiperiodic route to chaos that was described
at the beginning of this section. It is noteworthy that the bifurca-
tion points are determined by meticulous investigation of Poincaré
maps for different values of f1.
Fig. 17 shows the bifurcation diagrams obtained for the case
where the axial speed of the beam is set to v = 0.5. Due to the effect
of increased axial speed, the number of chaotic regions in the cas-
cade of bifurcations increases and more coexisting attractors ap-
pear in different ranges of f1. However, there are common
features which can be found in both Figs. 14 and 17. For instance,
the ﬁrst bifurcation in both cases is a saddle-node type where it is
shifted slightly to the right for the case where v = 0.5.
Investigating the bifurcational behavior of the system at higher
axial speeds, for example at v = 1.35 (Fig. 18), reveals that the cha-
otic regions increase in strength and that chaos takes place at low-
er forcing amplitudes than that previously observed. As shown by
Fig. 18, the sudden occurrence and disappearance of the chaotic re-
gion is the most dominant feature. This sudden vanishing of cha-
otic orbits is sometimes referred to as the blue sky catastrophe in
the literature.
In the next set of ﬁgures, the axial speed is varied as the control
parameter in the bifurcation diagrams for four constant forcing
amplitudes. The ﬁrst case considered (Fig. 19) is for the forcing
amplitude of f1 = 0.0055. For this case, as the axial speed is in-
creased, the amplitude of response increases until v  1.35 where
a jump occurs. Quasiperiodic and chaotic oscillations do not occur
for the ranges studied here.
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Fig. 16. Poincaré maps of the driven mode at different forcing amplitudes: (a) f1 = 1.735; (b) f1 = 1.745; (c) f1 = 1.815; (d) f1 = 1.820; (e) f1 = 1.825; (f) f1 = 1.830; (g) f1 = 1.840;
(h) f1 = 1.860.
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Fig. 17. Bifurcation diagrams of Poincaré points for increasing forcing amplitude on the system; v = 0.5, vf = 0.173, v1 = 33.526, l = 0.04, fi = 0 (i = 2,3, . . . ,6); (a) the ﬁrst mode,
and (b) the second mode.
Fig. 18. Bifurcation diagrams of Poincaré points for increasing forcing amplitude on the system; v = 1.35, vf = 0.173, v1 = 33.526, l = 0.04, fi = 0 (i = 2,3, . . . ,6); (a) the ﬁrst
mode, and (b) the second mode.
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ing amplitude is fairly small, at values close to zero velocity, the
initial conﬁguration is slightly shifted from zero to avoid a trivial
solution. However, the values of initial conditions do not matter
as the transient response is removed in all diagrams. As seen in
Fig. 20(a), at v = 0.423, the ﬁrst jump appears which represents
the reﬂection of a saddle-node bifurcation. This jump is very clear
in the driven mode but appears more like a discontinuity in the
second mode. In the region of v 2 [1.1 1.2], there are two coexisting
attractors, namely limit cycles and weakly chaotic. These two
attractors are shown in the Poincaré maps of Fig. 21. These are re-
peated one after the other as the dynamical system jumps between
them. At v = 1.214, the system jumps to chaotic motion and stays
at that attractor until it again ﬁnds its period at v = 1.593.To complete the investigation, the bifurcation diagrams as a
function of axial velocity for f1 = 0.11 and f1 = 0.15 are depicted
in Figs. 22 and 23, respectively. Some general features are found
in all of the three bifurcation diagrams given in Figs. 20, 22 and
23. Firstly, the ﬁrst jump, which is due to a saddle-node bifurca-
tion, occurs after passing a relatively long interval of oscillatory
motion where the period of excitation is relatively small.
Secondly, there is a region of coexisting attractors and chaotic mo-
tion. Finally, the system returns to periodic motion. Comparing
the results obtained in Fig. 20 with those obtained in Fig. 22,
we ﬁnd that the latter case has two distinct regions of chaos that
are separated by cascades of periodic and quasiperiodic motions.
In Fig. 23, this chaotic region is scattered between a number of
periodic motions.
Fig. 19. Bifurcation diagrams of Poincaré points for increasing axial speed of the system; vf = 0.173, v1 = 33.526, l = 0.04, f1 = 0.0055, fi = 0 (i = 2,3, . . . ,6); (a) the ﬁrst mode,
and (b) the second mode.
Fig. 20. Bifurcation diagrams of Poincaré points for increasing axial speed of the system; vf = 0.173, v1 = 33.526, l = 0.04, f1 = 0.06, fi = 0 (i = 2,3, . . . ,6); (a) the ﬁrst mode, and
(b) the second mode.
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The sub- and super-critical nonlinear dynamics of a harmoni-
cally excited axially moving beam has been investigated numeri-
cally. Speciﬁcally, the sub-critical dynamics was analyzed by
means of the AUTO code for continuation and bifurcation analysis
of nonlinear ordinary differential equations. The global dynamics,
on the other hand, studied via direct time integration using a var-
iable step-size Runge–Kutta method. The former analysis involved
examining the system response in the neighborhood of a three-to-
one internal resonance between two transverse modes.
Results for the sub-critical dynamics of the system in the
absence of internal resonances show that the only bifurcation
which exists is a limit point bifurcation followed by either stable
or unstable periodic motions. The response in the presence of a
three-to-one internal resonance between the ﬁrst two modes, onthe other hand, reveals that both limit points and Neimark–Sacker
(torus) bifurcations exist. In the branch following a Neimark–
Sacker bifurcation, the motion can be either quasiperiodic or
chaotic. The system also exhibits energy transition from the ﬁrst-
mode response to the second one.
Varying the system parameters such as the forcing amplitude as
well as the axial speed, the bifurcation diagrams of the Poincaré
maps have been obtained numerically. The global dynamics of
the system displayed very rich dynamical phenomena, such as per-
iod-doubling, quasiperiodic, and chaotic motions.
In conclusion, it can be said that the study presented in this pa-
per enlarges the current knowledge concerning the sub- and super-
critical dynamics of axially moving systems, speciﬁcally those
which are hard to examine using analytical techniques. Predicting
the occurrence of a Neimark–Sacker bifurcations apart from quasi-
periodic motion for a system possessing an internal resonance as
Fig. 21. Poincaré maps of the driven mode at different axial speeds: (a) v = 1.175; (b) v = 1.199.
Fig. 22. Bifurcation diagrams of Poincaré points for increasing axial speed of the system; vf = 0.173, v1 = 33.526, l = 0.04, f1 = 0.11, fi = 0 (i = 2,3, . . . ,6); (a) the ﬁrst mode, and
(b) the second mode.
Fig. 23. Bifurcation diagrams of Poincaré points for increasing axial speed of the system withvf = 0.173, v1 = 33.526, l = 0.04, f1 = 0.15, fi = 0 (i = 2,3, . . . ,6); (a) the ﬁrst mode,
and (b) the second mode.
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just few examples.References
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